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Abstract

In this work we investigate infinite Nyldon words. Those are defined by reversing the
lexicographical order in the infinite Lyndon factorisation by Siromoney et al. They showed
that each infinite word can be uniquely, lexicographically non-increasingly factorised into
either a finite sequence of (finite) Lyndon words followed by one infinite Lyndon word or an
infinite sequence of (finite) Lyndon words. Here, we can observe several similarities to the
behaviour of finite Nyldon words (in detail examined by Charlier et al.). We show that each
infinite word, has a unique infinite Nyldon factorisation. Further, we state structural results
on infinite Nyldon words as a characterisation of their suffixes and a standard factorisation.

1. Introduction
A Lyndon word is defined as a non-repetitive word which is the smallest amongst its cyclic rota-
tions. This class of words is strongly studied in, e.g., [2, 3, 7, 5]. One major result by [2], today
known as the Chen-Fox-Lyndon theorem shows that Lyndon words factorise the free monoid,
i.e., for each word in the free monoid there exists a unique, lexicographically non-increasing
factorisation into Lyndon words. In a Mathoverflow post from November 2014 Grinberg raised
the question how the factorisation of the free monoid changes when investigating the above
factorisation from Chen, Fox and Lyndon w.r.t. a reversed lexicographical order, i.e., a lexico-
graphically non-decreasing factorisation where each factor is smaller or equal than its successor.
Hence, the notion of Nyldon words developed as the set of those words which are either letters
or cannot be factorised into at least two, lexicographically non decreasing Nyldon factors. For
example, the word 10 is Nyldon since 1 and 0 are Nyldon words and thus, the only factorisation
of 10 is 1 · 0 which is lexicographically decreasing. Further, 110 is not Nyldon since 1 · 10
is its non-decreasing factorisation into Nyldon words. In [1] they investigated Nyldon words
and showed that they also form a unique factorisation of the free monoid. Further, they give
a standard factorisation of Nyldon words (similar to the well-known standard factorisation for
Lyndon words). It turns out that Nyldon words are harder to grasp because they miss the prop-
erty of being the smallest word under its cyclic rotations (neither they are the largest). Thus, the
properties of Lyndon words cannot be immediately transferred to Nyldon words which strength-
ens the relevance of their investigation. An example are the infinite Nyldon words, i.e., infinite
words that cannot be lexicographically non-decreasingly factorised into (1) a finite sequence
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of (finite) Nyldon words followed by an infinite Nyldon word, or (2) an infinite sequence of
(finite) Nylon words (cf. [6] for results on infinite Lyndon words). We present several proper-
ties to deeper understand and characterise these infinite words. First, we show that this infinite
Nyldon factorisation is unique for each infinite Nyldon word. Further, each infinite Nyldon
word is lexicographically larger than its infinite Nydon suffixes. Using these results we present
a standard factorisation for infinite Nyldon words.

2. Preliminaries

Let N = {1,2, . . .}, define [m] = {1, . . . ,m}. For the standard definitions of combinatorics
on words, especially for the whole background of Lyndon words, we refer to [4, Chapter 5].
Denote by Σω := {a1a2 · · · | ai ∈ Σ,1 ≤ i} the set of all right infinite concatenations over Σ.
Further, a tuple f = (w1, . . . ,wk) ∈ (Σ∗)k is called a factorisation of the (finite) word w ∈
Σ∗ if w = w1 · · ·wk. For a factorisation of an infinite word w ∈ Σω there are two options:
(1) a factorisation g = (w1,w2, . . .) with wi ∈ Σ∗ for i ∈ N such that w = w1w2 · · · , or (2)
a factorisation h = (w1, . . . ,wn−1,wn) with wi ∈ Σ∗ for i ∈ [n− 1] and wn ∈ Σω such that
w = w1 · · ·wn−1wn. Let / be a total order on Σ. We extend this order to Σ∗ by u / v for
u,v ∈ Σ∗ iff u is a prefix of v or u = xau′ and v = xbv′ with a / b for a,b ∈ Σ and some
u′,v′,x ∈ Σ∗. This extended order is called lexicographical order on words over Σ and forms
a total order on Σ∗. This lexicographical order can be further extended to Σω. Note that the
first condition, u is a prefix of v, is only applicable if u ∈ Σ∗ is finite. For the second condition
both, u and v may belong to Σ∗ or Σω. A word w ∈ Σ∗ is a Lyndon word iff it is primitive and
the lexicographically smallest in its conjugacy class. We denote the set of Lyndon words by
L. It is well known that Lyndon words factorise the free monoid: each w ∈ Σ∗ has a unique
Lyndon factorisation (`1, . . . , `k) with `j ∈ L for j ∈ [k] and `i D `i+1 for i ∈ [k− 1] (Chen-
Fox-Lyndon Theorem). Thus, Lyndon words can be defined as those words that do not have
any non-decreasing factorisation into at least two Lyndon words, i.e., they cannot be further
factorised into a Lyndon factorisation with at least two Lyndon factors. In [1], the authors
introduce Nyldon words. A word w ∈ Σ+ is called Nyldon (w ∈ N ) if w ∈ Σ or there does
not exist any factorisation (n1, . . .nk) of w with k ≥ 2, nj ∈ N for j ∈ [k] and ni E ni+1 for
i ∈ [k−1]. We now continue by defining infinite Lyndon words [6]. An infinite word w ∈ Σω is
ω-Lyndon if it has an infinite number of Lyndon prefixes. Denote the set of all infinite Lyndon
words by Lω. Similar to finite Lyndon words, each infinite word has a unique infinite Lyndon
factorisation [6], i.e., any word w ∈ Σω has a unique factorisation of the form: (1) (`1`2, . . . , `k)
where `i ∈ L for i ∈ [k− 1] and `k ∈ Lω with `i D `i+1, or (2) (`1, `2, . . .) where `i ∈ L and
`i D `i+1 for i ∈ N. We define infinite Nyldon words similar to the finite case.

Definition 2.1 An infinite word w ∈ Σω is ω-Nyldon if it cannot be factorised into one of the
following factorisations:
1. (n1,n2, . . . ,nk) where ni ∈N for i ∈ [k−1], nk ∈Nω with ni E ni+1 and k ≥ 2, or
2. (n1,n2, . . .) where ni ∈N and ni E ni+1 for i ∈ N.

The set of ω-Nyldon words will be denoted by Nω. As an extension to the factorisations of
finite words, any factorisation (n1, . . . ,nk) or (n′1,n

′
2, . . .) of w ∈ Nω into Nyldon words such

that n1 E · · ·E nk, or n′1 E n′2 E . . ., respectively, is called a Nyldon factorisation of w.
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An infinite word w is ω-Nyldon iff its infinite Nyldon factorisation is of length 1. Further,
an infinite word is not ω-Nyldon, iff its infinite Nyldon factorisation is of length at least 2.

Example 2.2 To get an intuition, we give examples for Nyldon and non-Nyldon words together
with a justification regarding the Nyldon factorisation. First, consider w = 10ω ∈ Nω. It has
no factorisation of the first form of Definition 2.1 since 0ω /∈ Nω (0 is the only finite Nyldon
word starting with zero, i.e., the only possible infinite Nyldon factorisation of 0ω is (0,0, . . .)).
Further there exists no factorisation of the second form because 1 6D 0 and 10n 6D 0. Thus, each
possible factorisation is not increasing. As another example, one can verify that 101ω ∈Nω.

Moreover, 010ω /∈ Nω has a Nyldon factorisation of the first form of Definition 2.1 since
0E 10ω. Further, consider (10)ω /∈Nω. We know that 10 ∈N so 10 · · ·10 is an infinite Nyldon
factorisation of the second form of Definition 2.1.

3. Infinite Nyldon words
In 1994, Siromoney et al. [6] have shown that several known results for Lyndon words also
apply to infinite Lyndon words, e.g., the standard factorisation, and a unique infinite Lyndon
factorisation. The aim of this chapter is to investigate infinite Nyldon words.

First, we want to show the uniqueness of the Nyldon factorisation for infinite words. With a
similar proof this result was shown for infinite Lyndon words in [6].

Theorem 3.1 Any infinite word w ∈ Σω has a unique factorisation of the form
1. (n1,n2, . . . ,nk) where ni ∈N for i ∈ [k−1], nk ∈Nω and ni E ni+1, or
2. (n1,n2, . . .) where ni ∈N and ni E ni+1, i ∈ N.

In [1] is is shown that the last factor of a words Nyldon factorisation is always the longest
proper Nyldon suffix of this word. Since the notion of longest Nyldon suffixes is not applicable
in the case of infinite words we adapt this result. The last factor of the Nyldon factorisation
might be an infinite word. So we will show that there exists no shorter prefix such that this last
factor is an infinite Nyldon word. The proof works similar to the finite case.

Proposition 3.2 Let w ∈ Σω such that its Nyldon factorisation (n1, . . . ,nk) is finite with ni ∈N
for i∈ [k−1], nk ∈Nω and ni E ni+1 (Case 1 of Definition 2.1). Then n1 · · ·nk−1 is the shortest
prefix of w such that nk ∈Nω.

Remark 3.3 Note that the first factor of the infinite Nyldon factorisation is in both cases of
Theorem 3.1 not necessarily the longest Nyldon prefix. For example, let w = 10100ω ∈ Σω. Its
infinite Nyldon factorisation is (10,100ω) but 101 is its longest Nyldon prefix. Second, consider
w′ = (10)ω that decomposes into (10,10, . . .) although 101 is its longest Nyldon prefix.

One useful property of infinite Nyldon words would be if, similar to finite Nyldon words,
all their infinite Nyldon suffixes are smaller than the words themselves. To prove this, we need
the following result. Note that the this result is not applicable to finite Nyldon words.

Lemma 3.4 Let w = ps ∈Nω. If s ∈Nω then p ∈N .

Example 3.5 Consider w = 101100ω ∈Nω. Now, 100ω ∈Nω and 101 ∈N (Proposition 3.4).
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Theorem 3.6 Let w ∈Nω. Then for all infinite Nyldon suffixes s ∈Nω of w, s/w holds.

Remark 3.7 Note, that a standard factorisation for infinite Nyldon words cannot work similar
to the standard factorisation of finite Nyldon words. The problem is that the standard factorisa-
tion of finite Nyldon words relies on Nyldon suffixes. For example, the infinite Nyldon words
10ω and 101ω both do not have any infinite Nyldon suffix (neither 0ω, 1ω, nor 01ω are Nyldon).

Lemma 3.8 Let w ∈ Σ∗ with an infinite Nyldon factorisation (n1,n2, . . .). Then there exists no
proper infinite Nyldon suffix s <s w.

This allows us to introduce an adapted version of the standard factorisation to the finite case.

Theorem 3.9 Let p ∈N and s ∈Nω. We have w ∈Nω iff one of the following holds:
1. There exists no proper infinite Nyldon suffix s of w, or
2. if p is the shortest proper Nyldon prefix of ps such that s ∈Nω then p.s.

4. Conclusion
In this work we introduced infinite Nyldon words and started their investigation. We can ob-
serve that infinite Nyldon words resemble the finite Nyldon words in many aspects, i.e., the
uniqueness of the infinite Nyldon factorisation and the fact that each Nyldon word is smaller
than all its Nyldon suffixes. When investigating a standard factorisation, we need to add the
adaption that an infinite Nyldon word might not have any infinite Nyldon suffix. For further re-
search it would be interesting to determine the infinite Nyldon factorisations of several famous
infinite words like the Thue-Morse word, the Fibonacci word and Sturmian words in general.
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