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Partial Words in DNA Sequences

Partial words are considered for
finding good encodings for

DNA computations.
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Preliminaries
)

Y - afinite set of symbols (or letters) termed as alphabet.

A total word (or word or (string)) is a sequence of letters over ¥.

A - the empty word.

|w| - the length of a word w ; |A| = 0.

Y* - the set of finite total words (or words) from X including the empty word A.
Yt ="\ {\}.

Primitive (Non-Periodic) Word

A word x is primitive (non-periodic) if there exists no word y such that x = y' with i > 2.

vVvyVvyVvyYyvyy

Note
» The empty word is NOT a primitive (non-periodic) word.
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Preliminaries

> O ¢ % -a"hole” ora “wild card” symbol.
Yo =X U{O} - a partial alphabet.
Y7 - the set of partial words from X including the empty word A.
Zzg =235\ {A}.
Ly C X7 - the set of all partial words over X, - (a partial language).
Partial Word (Unbordered)

A partial word x is a total word x with |x| > 2 that has a number of “holes".
A partial word X is unbordered if no non-empty words p, g, y exist such that x, C py and
xo C qp

>
4
>
>

Note
> A total word is a partial word with zero number of holes.

> The hole of any length is neither a total word nor a partial word.
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Roger Conant Lyndon (1917 — 1988)

Lyndon Word

A finite Lyndon word |is a primitive word that is alphabetically (lexicographically) least among
its rotations.

» M.J. Fischer and M.S. Paterson - Do not care symbols; string matching (1974)
> J. Berstel and L. Boasson - Partial Words (1999)
» F. Blanchet-Sadri - Algorithmic Combinatorics on Partial Words (2008)
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Lyndon Words vs Lyndon Partial Words

Lyndon Words Lyndon Partial Words
Ordered | Yy={a1<a<...<a} k>1 Yo =Xk U{O}hk>1
Alphabet
Primitivity | Conjugacy class of any primitive word | Conjugacy class of any primitive partial
contains a Lyndon word word may not contains a Lyndon partial
word
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Periodic Partial Words vs Primitive Partial Words

Example

O11)?
(001%11, 010110,101100, 011001, 110010, 100101
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An Example

Lyndon Word

{bbabaa, babaab, abaabb, baabba, aabbab, abbaba}
Lyndon Partial Word

{a{ bbba, { bbbaa, bbbaa), bbaa()b, baa() bb, aa() bbb}
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¢y - Lyndon partial language

The set of all Lyndon partial words over ¥, with ¥ = {a, b}

Length Lyndon partial words

1 _

2 aQ,Ob

3 aaQ, a0b, Obb

4 aaa, aaQb, aab, aQ bb, ab{ b, O bbb
5 aaaa), aaa(b, aaab, aa{ bb, aab{ b,

a0 abb, (bbb, ab® bb, & bbbb
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Results

Theorem 1 [Krishna Kumari et. al (2020)]

No proper subword exists as both prefix and a suffix of a Lyndon partial word.

Sample: aaQ bbb

Proper Subwords: aaQbb, aQ bbb, aab, ad bb, $ bbb, aal), adb, { bb, bbb, aa, ad, Ob, bb, a, b
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Results

Theorem 2 [Krishna Kumari et. al (2020)]

A partial word ug, over Zzg belongs to a set of Lyndon partial words L, iff uy < q¢ for each
proper suffix qo of ug.

Sample: Uy = aaQbb < b= qo

Proper Subwords: a, aa, aa{, aa®b, a®, aQb, aQ bb, O bb, Ob, bb, b
Proper Suffix Subwords: a(bb, O bb, bb, b
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Results

Theorem 3 [Krishna Kumari et. al (2020)]
Consider py € Ly and g € L. Then pyqe € Ly iff po < qo.

Sample: a<> abb
Consider py, = aQab e Ly and gy = b € Ly. poqo € Ly iff poy < qo.

Theorem 4
Each Lyndon partial word /y over X, is unbordered but the converse is not true.

Sample: aab{b and bab{)aa

Here aab{b is an unbordered Lyndon partial word but the unbordered partial word bab{aa is
not Lyndon.
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Result

Theorem 5 [Krishna Kumari et. al (2020)]

Factorization Theorem Any partial word u, over the alphabet Zg can be uniquely written as
gy = Iy with f, ool € Lo and 5 > o > 17

Sample:

Here aaQb € L with its subwords {a, a0, a0 b, Ob, b} € Ly and aaQb can be uniquely written
as non increasing product of a and a{b.
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Position and Maximal Lyndon Partial Factor

Position 1 2 3 4 5 o6 7

Lyndon partial word a a b a b ¢ b

Maximal Lyndon partial a a
factor

1=
=~}

1=;
<>
=
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Lyndon Partial Array

Position P 23 4 5 6 7
Lyndon partial word a a b a b ¢ b
Maximal Lyndonpartial a a b a b { b
factor
Lyndon partial array £ 3 3 =
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Result

Theorem 6

I the positions i,j in Iy[1..n] satisfy 1 < i< j < n, then the two intervals (i, [3[i]) and (j, [3[]])
are not intersecting each other.

Sample:

The positions i =2 and j =4 in ly[1---5] = aabQb satisfy 1 < i < j < nthen (2,3) and
(4,5) are not intersecting each other where /é[i] =3 and /é[j] =5.
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Result

Theorem 7

Consider a Lyndon partial word /y[1..n] over the ordered alphabet ¥¢. Let suf, (i) = ly[i..n]
denote the suffix of I, beginning at position i. Then a lyndon partial factor ly[i- - j] is the
maximal Lyndon partial factor of Iy if and only if for any 1 < j < k sufy, (i) < suf;, (k) and
suf,o(j—i— ].) < suf/o(i).

Sample:

Let sufy, () = abaQbb beginning at position i = 2. A lyndon partial factor y[i---j] = ab with
the position j = 3 is the maximal Lyndon partial factor of Iy since for any position k = 3,
sufy, (i) = aba0bb < baQbb = sufj, (k) and suf;, (j+ 1) = a0bb < abadbb = suf, (/).
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Trees vs Lyndon Partial Words

_ SORTING
DATA

OPTIMIZATION

PATTERN

MATCHING
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Tree - a()bbab

ROOT ROOT
/ N\ / N\
adbb ab adbb ab
A /N
ab b a b alb b a b
/\ /A
a<> b (or) a <>b
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Tree - aad)bbb

ROOT

aadbb b

/\

aadb b

/\

a adb

/\

a0 b

Lyndon Partial Arrays

ROOT

/ N\

aadbb b

/\

aadb b

/\

a adb

/A

(OI’) a <>b
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Tree

Tree associated with a Lyndon partial word

Formally,  associated with a Lyndon partial word is described as a tree that is alphabetically

less than all of its rotations. & denotes the trees set of L. A subtree of ( is a tree with set of
nodes as a subset of (.
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Results

Theorem 8
No proper subtree exists as both initial and terminal of the tree .

Theorem 9
( is a tree of a Lyndon partial word iff { = P+ vQ, v € 6(P) where (,P,Q € S and P < Q.

Theorem 10
Any tree ¢ over the alphabet Zzg can be uniquely written as

(=Py+wviP1 +wPr+ ...viPy, vy € 5(V,,Pn) for some n > m such that
Py > Py > Ps.... > Py
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Lo~ Morphism

- morphism
A morphism that preserves the Lyndon partial words is defined as £,- morphism.
Theorem 11

A non-empty morphism g on Zzg containing atleast two letters is a £,- morphism iff g is an
order preserving morphism such that for each u € ¥, g(u) is a Lyndon partial word.

Corollary
g is a Lo~ morphism on X = {a, b} U {0} iff g(a) and g(b) are lyndon partial words with
g(a) < g(b).
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Two-dimensional Lyndon partial words

Two-dimensional Lyndon partial words

A horizontally primitive matrix which is least among its horizontal conjugates.

a O a
Sample: A= b a
b b O
a O a a aa a O a a ¢
The horizontal conjugatesof Aare ) b a, b ¢ a,a ¢ b.Herea { bisa
b b O b O bO b b O b b

two-dimensional row Lyndon partial word.
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Connections to image analysis
» Kolam is one of several types of street/home art practices performed as ephemeral designs

on thresholds in India.

» In recent years, kolam figures have also attracted the attention of computer scientists
interested in analysing and describing images with picture languages.

Figure: Kambi Kolam (5 x 5)
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Kolams for 2D row Lyndon partial word
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Kolam patterns to show sensitivity of aaaad
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Kolam patterns to show sensitivity of (bbbb
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Conclusion and Future Work

> We introduced Lyndon partial arrays and trees associated with Lyndon partial words.

> We learned to find out very basic connections of kolams to two-dimensional formal
languages through Lyndon partial words and arrays.

» In near future, we will do a detailed study on several variants of 2D Lyndon partial words
and their properties in an upgraded version of this paper.
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Discussions
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Many Many Thanks!
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