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Linear Integer Arithmetic

LIA (a.k.a. Presburger arithmetic) is the first-order theory with the
structure ⟨Z; +, <, 1, 0⟩.

Example

∀x : ∃y : 0 < x→ x < y ∧ y < 2x is not satisfiable

Proposition (Borosh,Treybig’76)

Satisfiability of existential formulas in LIA is NP-complete.

Proposition (Presburger’29)

LIA with the structure ⟨Z; +, <, 1, 0, (≡e)e>0⟩ admits quantifier
elimination.
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Linear Real Arithmetic

LRA is the first-order theory with the structure ⟨R; +, <, 1, 0⟩.

Example

∀x : ∃y : 0 < x→ x < y ∧ y < 2x is satisfiable

Proposition (Sontag’85)

Satisfiability of existential formulas in LRA is NP-complete.

Proposition (Fourier 1826)

LRA with the structure ⟨R; +, <, 1, 0⟩ admits quantifier elimination.
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Linear Integer Real Arithmetic

LIRA is the first-order theory with the structure ⟨R; ⌊·⌋,+, <, 1, 0⟩.

The separation of ∃x : φ(x, z) in LIRA is defined as

∃xi/r : φ(xint + xreal, zint + zreal) ∧ 0 ≤ xreal < 1 ∧ 0 ≤ zreal < 1.

Existential formula in LIRA is decomposable if its separation can be
written as an existentially quantified Boolean combination of Presburger
and LRA formulas (called decomposition).

Lemma

Every existential formula in LIRA is decomposable. Moreover, its
decomposition is of linear size and can be computed in polynomial time.

Proposition

Satisfiability of existential formulas in LIRA is NP-complete.
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Ramsey Quantifier

The formula
∃ramx,y : φ(x,y, z)

is fulfilled by valuation c of free variables z iff there exists (ai)i≥1 of
pairwise distinct valuations such that φ(ai,aj , c) for all i < j.
Such a sequence is called an infinite clique.

Example

∃ramx, y : x < y ∧ x ≤ z is unsatisfiable over Z but satisfiable over R
∃ramx, y : ∃z : x < y ∧ x ≤ z is satisfiable also over Z
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Eliminating Existential Quantifiers

Theorem

Let φ be an existential formula in LIRA. Then the following are equivalent:

∃ramx,y : ∃w : φ(x,y,w, z)

a

b

c

u

v
w

∃ram(x,v1,v2), (y,w1,w2) : φ(x,y,v1 +w2, z) ∧ x ̸= y

a, u1, u2

b, v1, v2

c, w1, w2

u1 + v2

v1 + w2u1 + w2
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Eliminating Existential Quantifiers in LIRA

Bring decomposition of φ into DNF

n∨
i=1

αi(x
int,yint,wint, zint) ∧ βi(xreal,yreal,wreal, zreal)

where αi are existential Presburger and βi are existential LRA
formulas.

By Ramsey’s theorem, if there is a clique w.r.t. c, then for some i

∃ramxi/r,yi/r : ∃wint : αi(x
int,yint,wint, cint) ∧

∃wreal : βi(x
real,yreal,wreal, creal)

Then (carefully) split ∃ram into integer and real part and eliminate ∃
in Presburger and LRA.
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Eliminating Existential Quantifiers in LIA

Assume ∃ramx,y : ∃w : φ(x,y, w,z) and φ is a conjunction of inequalities

fi(x,y, z) < w and w < f ′j(x,y, z)

and modulo constraints

gi(x,y, w,z) ≡ei di.

Let (ai)i≥1 be an infinite clique with φ(ai,aj , bi,j , c) for all i < j.
By Ramsey’s theorem we can assume

f1(ai,aj , c) ≤ · · · ≤ fn(ai,aj , c) < bi,j < f ′1(ai,aj , c) ≤ · · · ≤ f ′m(ai,aj , c).
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Eliminating Existential Quantifiers in LIA

Suffices to consider greatest lower and smallest upper bound:

fn(ai,aj , c) < bi,j < f ′1(ai,aj , c)

To satisfy modulo constraints, we can always find

fn(ai,aj , c) + 1 ≤ bi,j ≤ fn(ai,aj , c) +N

where N := e1 · · · ek.
By Ramsey’s theorem, we can assume that there is r ∈ [1, N ] s.t.

fn(ai,aj , c) + r = bi,j

Thus, for additional components choose α(ai) and β(ai, c) + r
where fn(x,y, z) = α(x) + β(y, z).
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Eliminating Ramsey Quantifiers

Theorem

Given an existential formula φ(x,y, z) in LIRA, we can construct in
polynomial time an existential LIRA formula of linear size that is
equivalent to ∃ramx,y : φ(x,y, z).

Idea for LIRA: Consider decomposition and handle integer
and real part separately.
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Eliminating Ramsey Quantifiers in LIA

Example

∃ramx, y : y > 2 · x ∧ ψ(x)

Clique is not Presburger definable but it exists iff there is (ai)i≥1 s.t.
ψ(ai) and a1 < a2 < . . .

Assume φ is a conjunction

n∧
i=1

r⊤i x < s⊤i y + t⊤i z + hi ∧
m∧
j=1

u⊤
j x ≈j

ej v
⊤
j y +w⊤

j z + dj .

Describe the evolution of both sides of an inequality by

sup{r⊤i ak | k ≥ 1} ≤ p2i−1, p2i ≤ lim inf{s⊤i ak + t⊤i c+ hi | k ≥ 1}.

The tuple p = (p1, . . . , p2n) ∈ Z2n
ω is called profile.
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Eliminating Ramsey Quantifiers in LIA

A sequence as above is called compatible with p for c if it additionally
satisfies the modulo constraints.
A profile is admissible if p2i−1 < p2i or p2i = ω.

Lemma

∃ramx,y : φ(x,y, c) if and only if there exists an admissible profile
p ∈ Z2n

ω such that there is a sequence compatible with p for c.

Compatibility is Presburger expressible by restricting to sequences of the
form a0 + k · a.
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Applications

Corollary

Given a quantifier-free formula in LIA, LRA, or LIRA, deciding monadic
decomposability is coNP-complete.

Corollary

Deciding whether a quantifier-free Presburger formula φ(x,y) defines a
well-quasi-order is coNP-complete.

Corollary

Linear liveness is NP-complete for continuous VASS, reversal-bounded
counter machines, Praikh automata, and succinct one-counter automata.
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